Hierarchy of graph matchbox manifolds by Lukina, Olga
HIERARCHY OF GRAPH MATCHBOX MANIFOLDS
OLGA LUKINA
Department of Mathematics, University of Leicester, University Road,
Leicester LE1 7RH, United Kingdom
Abstract. We study a class of graph foliated spaces, or graph matchbox manifolds, initially con-
structed by Kenyon and Ghys. For graph foliated spaces we introduce a quantifier of dynamical
complexity which we call its level. We develop the fusion construction, which allows us to asso-
ciate to every two graph foliated spaces a third one which contains the former two in its closure.
Although the underlying idea of the fusion is simple, it gives us a powerful tool to study graph
foliated spaces. Using fusion, we prove that there is a hierarchy of graph foliated spaces at infinite
levels. We also construct examples of graph foliated spaces with various dynamical and geometric
properties.
1. Introduction
A matchbox manifold is a compact connected metrizable space M such that each point x ∈ M has
a neighborhood homeomorphic to a product space Ux × Nx, where Ux ⊂ Rn is open and Nx is a
compact totally disconnected space. The term ‘matchbox manifold’ originates from the works of
Aarts and Martens [2], Aarts and Oversteegen [1] for the case when n = 1, when local charts can be
thought of as ‘boxes of matches’. The most well-studied classes of examples of matchbox manifolds
are weak solenoids [25, 15], generalized solenoids [35], and tiling spaces of aperiodic tilings with finite
local complexity (see, for instance, [29], or [5] for a more general type of tilings). In this paper we
consider a third class of examples, which we call graph matchbox manifolds. This construction was
introduced by Kenyon and Ghys [16], and later generalized by Blanc [6], Lozano Rojo [22], Alcalde
Cuesta, Lozano Rojo and Macho Stadler [3].
REMARK 1.1 (On the use of terminology). The notion of a matchbox manifold is essentially the
same as that of a lamination. The term ‘lamination’ appears in the literature in two slightly different
contexts: in low-dimensional topology, a lamination is a decomposition into leaves of a closed subset
of a manifold; in holomorphic dynamics, Sullivan [33] introduced Riemann surface laminations as
compact topological spaces locally homeomorphic to a complex disk times a Cantor set. An embed-
ding into a manifold is not required in the latter context, and a matchbox manifold is a lamination
in this terminology. The concept of a foliated space as a generalization of a foliated manifold was
introduced in the book by Moore and Schochet [26], where a foliated space is defined as a separable
metrizable space locally homeomorphic to a product of a disk in Rn and a separable metrizable
space. In this terminology, a matchbox manifold is a foliated space with specific properties, i.e. it
is a compact foliated space with totally disconnected transversals. In the present paper we follow
terminology of Candel and Conlon [8], reserving the word ‘lamination’ for a foliated space embedded
in a manifold. We then use the term ‘matchbox manifold’ to distinguish a class of foliated spaces
which are compact and have totally disconnected transversals.
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2 HIERARCHY OF GRAPH MATCHBOX MANIFOLDS
Let G be a finitely generated group with a non-symmetric set of generators G0, that is, if h ∈ G0
then h−1 /∈ G0. Let G be the Cayley graph of G, and X be the set of all infinite connected subtrees
of G containing the identity e. Each subtree T is equipped with a standard complete length metric
d, and the pair (T, e) is a pointed metric space. The set X, endowed with the Gromov-Hausdorff
metric dGH [7], is a compact totally disconnected space [6, 16, 22]. One can define a partial action
of the free group Fn on X, where n is the cardinality of the set of generators G0. This action gives
rise to a pseudogroup G on X, and an important feature of the construction is that the pseudogroup
dynamical system (X,G) can be realised as the holonomy pseudogroup of a smooth foliated space
MG with 2-dimensional leaves [6, 16, 22]. By this construction, for (T, e) ∈ X the corresponding
leaf LT ⊂ MG can be thought of as the two-dimensional boundary of the thickening of a quotient
graph of T , where the quotient map is determined by the geometry of T .
DEFINITION 1.2. A graph matchbox manifold is the closure M = L of a leaf L in MG, that is,
M is a closed saturated transitive subset of MG.
1.1. Hierarchies of graph matchbox manifolds. In previous works the construction of Kenyon
and Ghys was mostly used to produce examples of matchbox manifolds with specific geometric and
ergodic properties. Ghys [16], see also [3], showed that if G = Z2 then MZ2 contains a leaf L such
that the matchbox manifold M = L is minimal and has leaves with different conformal structures.
Lozano Rojo [23] studied minimal examples in the case G = Z2 from the point of view of ergodic
theory. In the case where G = F3, a free group on three generators, Blanc [6] found an example of
a graph matchbox manifold containing leaves with any possible number of ends.
In this paper we study a partial order on the corresponding foliated space MG, given by inclusions.
The following basic observation allows to restrict our attention to the case G = Fn and the space of
graph matchbox manifolds Mn.
THEOREM 1.3. Given a group G with a set of generators G0 of cardinality at most n, there exists
a foliated embedding
Φ : MG →Mn,
where MG and Mn are foliated spaces obtained by the construction of Kenyon and Ghys for G and
a free group Fn on n generators respectively.
Let M1,M2 ⊂Mn be graph matchbox manifolds, then the rule
M1 M2 if and only if M1 ⊆M2
defines a partial order on the set Sn of graph matchbox manifolds in Mn. Compact leaves and
minimal subsets of Mn are minimal elements in Sn with respect to this order. The following theorem
describes the structure of Mn.
Recall [6] that a leaf L ⊂M is recurrent if and only if L is transitive and accumulates on itself. A
leaf L is proper if it does not accumulate on itself.
THEOREM 1.4. The partially ordered set (Sn,) of graph matchbox manifolds in the foliated
space Mn, n > 1, has the following properties.
(1) the set C = {L ⊂Mn | L is compact} is a dense meager subset of Mn. Moreover, C ∩X is
countable, where X is a canonical embedding of X into Mn.
(2) (Sn,) is a directed partially ordered set, i.e. given M1,M2 ∈ Sn there exists M3 ∈ Sn
such that M1 ∪M2 ⊆M3.
(3) (Sn,) contains a unique maximal element Mmax = Mn which has a recurrent leaf. There-
fore, Mn contains a residual subset of recurrent leaves.
In order to prove Theorem 1.4.(2), we introduce the ‘fusion’ construction which associates to any
two transitive subsets M1 and M2 of Mn a transitive subset M3 such that M3 ⊇ M1 ∪ M2.
More precisely, given pointed graphs (T1, e) and (T2, e) such that M1 = LT1 and M2 = LT2 we
give a recipe to construct a graph (T3, e) such that M3 = LT3 satisfies the required property. The
underlying idea of the construction is very simple, but it gives us a powerful tool which allows us to
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obtain a lot of information about hierarchy and properties of graph matchbox manifolds. Theorems
1.4.(2) and 1.4.(3) are the first applications of fusion.
Theorem 1.4.(2) is a direct consequence of the fusion. The next important observation is that in
the space Mn fusion enables us to construct infinite increasing chains of graph matchbox manifolds.
Using [6, Theorem 3.5] with slightly eased assumptions, we conclude that the closure of such a chain
contains a dense leaf, and if every element in the chain is distinct, this dense leaf accumulates on
itself. The existence of a maximal closed recurrent subset in the space of graph matchbox manifolds
follows by standard topological arguments, and, using fusion again, one argues that if a maximal
recurrent subset exists, then it is unique, which is the statement of Theorem 1.4.(3).
Our main theorem shows that the space Mn of graph matchbox manifolds contains a complicated
hierarchy of finite and infinite chains of distinct graph matchbox manifolds, which motivates further
the study of theory of levels for graph matchbox manifolds.
THEOREM 1.5. For a space of graph matchbox manifolds Mn, n > 1, the following holds.
(1) There exists an infinite increasing chain
M0 ⊂M1 ⊂M2 ⊂ · · ·
of distinct graph matchbox manifolds such that M = ⋃iMi is a proper subset of Mn.
(2) Let M be a graph matchbox manifold, and suppose M is a proper subset of Mn. Then there
exists a graph matchbox manifold M˜ such that
M⊂ M˜ ⊂Mn
are proper inclusions.
The fusion technique described earlier lies at the heart of the proof of Theorem 1.5.
In the rest of the paper we make precise the hierarchy of graph matchbox manifolds, suggested by
Theorem 1.5, associating to them a quantifier of dynamical complexity, called level, inspired by the
ideas of Cantwell and Conlon [10, 11], Hector [17, 18, 19], Nishimori [27, 28] and Tsuchiya [34]. Our
main tool is the fusion technique of Theorem 1.4.(2). Thus fusion provides the means to study the
hierarchy of graph matchbox manifolds in Mn given by inclusions. We also investigate how large is
the set of matchbox manifolds realisable as graph matchbox manifolds.
1.2. Theory of levels. The study of the partial ordering given by inclusions of transitive subsets
is a natural problem in topological dynamics. The consideration of the extension of the Poincare´
Recurrence Theorem for flows to the closures of leaves of foliations began in the 1950’s. In foliation
theory, the strongest results have been obtained for codimension 1 transversally C2-differentiable
foliations by Cantwell and Conlon [10, 11], Hector [17, 18], Nishimori [27, 28] and Tsuchiya [34].
Later, the extent to which these ideas carry on to the codimension 1 C0 case was studied by Salhi
[30, 31, 32], and, for foliations of higher codimensions satisfying certain additional conditions, by
Marzougui and Salhi [24]. Cantwell and Conlon [10] introduced the notion of a level of a leaf or a
transitive subset, which can be seen as a quantifier of dynamical complexity. A similar, but not the
same notion of ‘depth’ of a leaf was considered by Nishimori [27, 28]. The theory of levels for C2-
foliations relies heavily on the Kopell lemma [10, 8], which does not apply in our setting. However,
it is possible to introduce the level of a graph matchbox manifold, which is similar to the notion of
a level in [10].
DEFINITION 1.6. Let M⊂Mn be a graph matchbox manifold.
(1) M is said to be at level 0 if either M is a compact leaf, or M is a minimal foliated space.
In that case all leaves of M are also at level 0.
(2) M is at level k if the closure of the union of leaves which are not dense in M, is a proper
closed subset of M, every such leaf is at level at most k− 1, and there is at least one leaf at
level k − 1. A leaf L is at level k if it is dense in M.
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(3) M is at infinite level if it is not at finite level. Then a leaf L ⊂ M is at infinite level if it
is dense in M.
By Theorem 1.4.(3) the space Mn contains a dense leaf L and so Mn is a graph matchbox manifold.
Since by Theorem 1.4.(1) the set of compact leaves is dense in Mn, Mn cannot be at finite level,
and so is at infinite level, and every dense leaf in Mn is at infinite level. By Theorem 1.4.(3) Mn
contains a residual subset of dense leaves, therefore, we have the following corollary.
COROLLARY 1.7. In a foliated space Mn, n > 1, leaves at infinite level form a residual subset.
Leaves at infinite level in Corollary 1.7 are leaves which are dense in Mn, n > 1, and so contain any
other leaf in their closure. Theorem 1.5 shows that the meager subset of leaves which are not dense
in Mn also contains leaves at infinite level, and we are now interested in those.
Definition 1.6 allows for two types of matchbox manifolds at infinite level which are properly included
in Mn: we say that a matchbox manifoldM is at infinite level of Type 1 if the union of leaves which
are not dense in M is dense in M, and M is a proper subset of Mn. We say that a matchbox
manifoldM is at infinite level of Type 2 if the union of leaves which are not dense inM is a proper
subset ofM and contains a leaf at infinite level. Our main theorem 1.5 states that graph matchbox
manifolds at infinite level of both types exist.
Then natural question to ask is the following. Given k ≥ 0, does there exist a graph matchbox
manifold M(k) at level precisely k? We now proceed to investigate these questions.
For k = 0, 1 examples of M(0) and M(1) are fairly easy to construct. Theorems 1.8 and 1.9 give
examples of graph matchbox manifolds at level 2.
Recall that a leaf L is proper if it does not accumulate on itself. A leaf L is totally proper if
L contains only proper leaves. Totally proper leaves are the simplest dynamically; the following
theorem shows that in the space of graph matchbox manifolds even totally proper leaves at level
2 can be fairly complicated, for example, they can contain an infinite number of distinct compact
leaves in their closure.
THEOREM 1.8. In a foliated space Mn, n > 1, there is a totally proper graph matchbox manifold
M at level 2 which contains a countably infinite number of compact leaves.
The next theorem shows that leaves at finite level need not be totally proper, giving an example of
a graph matchbox manifold at level 2 with recurrent leaves.
THEOREM 1.9. In a foliated space Mn, there exists a graph matchbox manifold M which con-
tains an uncountable number of leaves, all but a finite number of which are at level 2. The complete
transversal X of M contains a clopen subset O such that the restricted pseudogroup G|O is equicon-
tinuous. Every leaf in M which is at level 2 is recurrent.
Already for k = 2, the combinatorial arguments of Theorem 1.8 become quite tedious; it is therefore
reasonable to look for topological and geometric obstructions which would allow us to determine a
level of a graph matchbox manifold by other methods.
For codimension 1 C2 foliations the growth function of a totally proper leaf at level k is a polynomial
of degree k [10, 34] and, if the growth function of a leaf is dominated by a polynomial, then the leaf
is totally proper [10, 11]. The situation is different in the case of graph matchbox manifolds, as the
following theorem shows.
THEOREM 1.10. In a foliated space Mn, there exists a totally proper graph matchbox manifold
M1 at level 1 with a transitive leaf L with linear growth, and there is also a totally proper graph
matchbox manifold M2 at level 1 with a transitive leaf L′ with exponential growth. In addition, Mn
contains a recurrent graph matchbox manifold M3 with leaves of polynomial growth.
Theorem 1.10 shows that exponential growth of a dense leaf in a graph matchbox manifold cannot
serve as an obstruction to the graph matchbox manifold being at finite level.
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1.3. Transverse dynamics of graph matchbox manifolds. The remaining part of the article
is devoted to understanding how large is the class of examples which can be obtained by the con-
struction of Kenyon and Ghys. We first notice that a matchbox manifold with more than one leaf
must have expansive transverse dynamics, as the following proposition shows.
Let O be a clopen subset of a transversal space X where the Gromov-Hausdorff topology on X is
realised by the ball metric dX defined in Section 2. Recall [20] that the pseudogroup G|O is -
expansive if there exists  > 0 so that for all w 6= w′ ∈ O with dX(w,w′) <  there exists a holonomy
homeomorphism h ∈ G|O with w,w′ ∈ dom(h) such that dX(h(w), h(w′)) ≥ . A pseudogroup G|O
is equicontinuous if for every  > 0 there exists δ > 0 such that for all h ∈ G|O and all w,w′ ∈ dom(h)
such that dX(w,w
′) < δ we have dX(h(w), h(w′)) < .
THEOREM 1.11. Let M be a graph matchbox manifold in a foliated space Mn, and (X, dX) be a
complete transversal for M. Then the following holds.
(1) M contains a non-compact leaf if and only if for all  < e−2 the restriction of the pseudogroup
G to X is -expansive.
(2) If there exists a clopen O ⊂ X such that G|O is equicontinuous, thenM contains a recurrent
leaf. The converse is false, since the restriction of the pseudogroup of any minimal matchbox
manifold to any clopen subset of the transversal is expansive.
The result of Theorem 1.11 is not surprising, since the ball metric on Xn is similar to the metric
on tiling spaces, which is well-studied. In particular, it is known that for a non-periodic tiling, the
transverse dynamics of its tiling space is expansive (see, for example, Benedetti and Gambaudo [5]).
Leaves in tiling spaces are usually copies of the Euclidean space, and it is customary to consider
tiling spaces where each leaf is dense. To the best of our knowledge, the most general type of tiling
spaces which has been described in the literature is that in Benedetti and Gambaudo [5], where
leaves are homogeneous spaces and are homeomorphic. Leaves in graph matchbox manifolds exhibit
a much wider variety of topological properties, in particular, one can realise a surface of any genus
as a leaf in Mn. Theorem 1.11.(1) uses similar arguments to those in tilings to investigate transverse
dynamics for graph matchbox manifolds.
Theorem 1.11.(1) allows us to restrict the range of spaces which can be modeled by the method of
Kenyon and Ghys, as the following corollary shows.
COROLLARY 1.12. The foliated space Mn does not contain a weak solenoid.
Indeed, a weak solenoid is a minimal space with equicontinuous transverse dynamics. If a graph
matchbox manifoldM is at level k = 0, then it is either minimal and has expansive dynamics, or it
is a compact leaf and has trivially equicontinuous dynamics. As the example in Theorem 1.9 shows,
if M is at level k > 0, various types of dynamics can mix. By Theorem 1.11.(1), the clopen set O
in Theorem 1.9 is necessarily not a complete transversal.
1.4. Open problems. A natural question and an interesting open problem is whether a given
foliated space can be embedded as a closed saturated subset of a smooth foliated manifold. With
this question in mind, it is interesting to compare the result of Theorem 1.5 with the hierarchy of
leaves at infinite levels for codimension 1 foliations. Namely, [10, 17] state that if the transverse
differentiability of a codimension 1 foliation is C0, then there exists a hierarchy of infinite levels, as
in Theorem 1.5, but if the transverse differentiability is C2, there is only one infinite level. Therefore,
we conclude that graph matchbox manifolds containing leaves at more than one infinite level cannot
embed as foliated subsets of codimension 1 smooth foliations. Then the following question is natural.
PROBLEM 1.13. Let M⊂Mn be a graph matchbox manifold which contains leaves at more than
one infinite levels. Does there exist a foliated embedding M → M into a smooth foliated manifold
M with a foliation of codimension q ≥ 2?
It was shown in [23] that a minimal graph matchbox manifold can always be embedded as a codi-
mension 2 subset of a manifold topologically. An embedding of M in a smooth way and, moreover,
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as a subset of a smooth foliation, is an infinitely more subtle and technically demanding procedure.
In general, not much is known about embeddings of foliated spaces transversely modeled on Cantor
sets as saturated subsets of smooth foliations and, to the best of our knowledge, there are only a few
works devoted to that question. For example, Williams [35] showed that the expansive dynamical
system associated to a transverse section of a generalized solenoid is conjugate to the dynamics of
an expanding attractor, but it is an open question whether such a solenoid embeds as a subset of the
corresponding foliation of a manifold. Clark and Hurder [12] give sufficient conditions under which
certain homogeneous solenoids embed as subsets of smooth foliations. Problem 1.13 asks a similar
question for graph matchbox manifolds. Corollary 1.12 shows that the space of graph matchbox
manifolds does not contain weak solenoids, therefore, the result in [12] does not provide even a
partial answer to Problem 1.13.
Following [10] we denote by S(L) the union of non-dense leaves in a graph matchbox manifold
M = L, and call S(L) the substructure of a leaf L. In codimension 1 C2 foliations leaves at infinite
levels have a substructure of leaves at finite levels, and each of the finite levels is represented in S(L)
by at least one leaf [10]. In this paper we have not given an algorithm which, for a given graph
matchbox manifold, determines its level. Therefore, the following questions remain.
PROBLEM 1.14. (1) Does there exist a graph matchbox manifold M = L ⊂ M at infinite
level such that S(L) has a substructure of leaves at all finite levels?
(2) Given k > 2, give an example of a graph matchbox manifold Mk at level precisely k.
Corollary 1.12 shows that a large subclass of matchbox manifolds with equicontinuous dynamics,
namely weak solenoids, cannot arise as graph matchbox manifolds. Theorem 1.9 shows that one can
construct a non-minimal graph matchbox manifold which admits a transverse non-global section
with equicontinuous restricted dynamics. Then there is the following question.
PROBLEM 1.15. What is precisely the relation between weak solenoids and graph matchbox man-
ifolds?
1.5. Organization of the paper. The rest of the paper is organized as follows. In Section 2
we give details of the generalized construction of Ghys and Kenyon, and describe some relations
between topology of trees in X and the graphs of their orbits under the pseudogroup G. We also
give examples of graph matchbox manifolds, and of constructing graph matchbox manifolds with
desired properties, and prove Theorem 1.3. We prove Theorem 1.4 in Section 3, and Theorems 1.5,
1.8 and 1.9 in Section 4. Theorem 1.10 and Theorem 1.11 are proved in Section 5.
Acknowledgements: The author thanks Alex Clark and Steve Hurder for their encouragements
to pursue this research topic and for offering many useful comments. The author thanks the referee
for recommending improvements in the presentation of this paper.
2. Construction of a foliated space after Kenyon and Ghys
In this section we give an outline of the construction of Ghys [3, 16, 22], and define graph matchbox
manifolds.
We also obtain Theorem 1.3, that is, that the foliated space Mn obtained by the construction of
Kenyon and Ghys in the case G = Fn has a universal property.
2.1. Preliminaries and notation. Given a directed graph (or digraph) T , denote by V (T ) the
set of vertices of T , and by E(T ) the set of edges of T . For an edge w ∈ E(T ) denote by s(w) and
t(w) respectively its starting and its ending vertex. A subgraph of T is a graph T ′ with the set of
vertices V (T ′) ⊆ V (T ) and the set of edges E(T ′) ⊂ E(T ), where an edge w ∈ E(T ′) if and only if
s(w) ∈ V (T ′) and t(w) ∈ V (T ′). A labeling of a graph T , or of the set E(T ) of edges of T , by a set
A, is given by a function a : E(T )→ A. If it is necessary to keep track of labeling of edges in E(T ),
we use the notation wa(w) for an edge w ∈ E(T ).
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Let G be a finitely generated group acting on itself on the right, and let G0 denote a set of generators
of G. We assume that G0 is not a symmetric set, that is, if h ∈ G0 then h−1 /∈ G0. Let G be the
Cayley graph of G with the set of generators G0; more precisely, set V (G) = G, and to each pair
g1, g2 ∈ V (G) such that g1h = g2 for some h ∈ G0, associate an edge wh ∈ E(G) with s(wh) = g1
and t(wh) = g2. Thus G is a directed graph labeled by the set G0.
We define a length structure ` : P (G) → R : δ 7→ `(δ), where P (G) the set of all paths in G, in the
standard manner [7], so that edges in G are parametrized in such a way that each of them has length
1. Associated to `, there is a complete length metric d on G defined by [7]
D(x, y) = inf
δ
{ `(δ) | δ : [0, 1]→ G, δ(0) = x, δ(1) = y }.
Thus (G, D) becomes a length metric space.
2.2. Space of pointed trees with Gromov-Hausdorff metric. We call a subgraph T ⊂ G an
infinite tree if it is non-compact, connected and simply connected. The last condition implies that
any loop in T is homotopic with fixed end-points to a trivial loop. Let X be the set of all infinite
trees in G containing the identity e ∈ G. As a subset of G, a tree T ∈ X has an induced length
structure ` and an induced metric D. The induced metric D need not be geodesic, since T need
not contain shortest paths between its points. However, D induces a length structure `′ on T which
coincides with the restriction of the length structure ` from G, and they define a length metric d on
T . The pair (T, e) ∈ X with metric d is a pointed metric space, or a pointed tree.
We say that two (possibly finite) pointed graphs (T, e) and (T ′, e) are isomorphic if and only if there
exists a isometry (T, e)→ (T ′, e) which preserves the distinguished vertex and labeling of edges.
The space X of pointed trees can be given the Gromov-Hausdorff metric dGH [7]. One of the metrics
with which the Gromov-Hausdorff topology on X can be realised is the ball metric defined now.
DEFINITION 2.1. [3, 16, 22, 23] Let X be the set of all infinite pointed trees in a locally compact
Cayley graph G. Let T, T ′ ∈ X, and define the distance between T and T ′ by
dX(T, T
′) = e−r(T,T
′), r(T, T ′) = max{r ∈ N ∪ {0} | ∃ isomorphism BT (e, r)→ BT ′(e, r)}.(1)
The metric dX is called the ball metric.
DEFINITION 2.2. Let T = {(Tn, e)}∞n=1 be a sequence in (X, dX). Then T converges to (S, e) ∈
X if and only if for every r > 0 there exists nr > 0 such that for any n > nr there is an isomorphism
BTn(e, r)→ BS(e, r).
Using the ball metric dX on X and the fact that G is finitely generated one can prove the following
propositions.
PROPOSITION 2.3. [16, 22] The metric space (X, dX) is compact and totally disconnected.
If, in addition, X is does not have isolated points, then X is a Cantor set. In particular, if G = Fn
or G = Zn, n ≥ 2, then X is a Cantor set.
2.3. Pseudogroup action on the space of pointed trees. We define a partial action of Fn on
the space of pointed trees X, which gives rise to a pseudogroup G on X.
Let Pe(T ) be the set of paths δ : [0, 1]→ T such that δ(0) = e, δ(1) = g ∈ V (T ) and δ is the shortest
path between e and g in T . The image of δ in T is the union of edges
whi1 ∪ whi2 ∪ · · · ∪ whim where hik ∈ G0 for 1 ≤ k ≤ m.
Thus δ defines a word h˜i1 h˜i2 · · · h˜im ∈ Fn, where{
h˜ik = hik , if δ
−1(s(whik )) < δ
−1(t(whik )),
h˜ik = h
−1
ik
, if δ−1(s(whik )) ≥ δ−1(t(whik )).
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b
Figure 1. The action of F2 on subtrees of the Cayley graph of Z2 with a set of
generators G0 = {a, b}, where a-edges are directed to the right, b-edges are directed
upwards: a) (T, e) · aba−1 is defined, (T, e) · b is not defined, b) (T, e) · b is defined,
(T, e) · aba−1 is not defined.
We note that g = h˜i1 h˜i2 · · · h˜in is a representation in the set G0 of generators of G. The procedure
we have just described defines an injective map
p : Pe(T )→ Fn : δ 7→ h˜i1 h˜i2 · · · h˜im ,
and the action of Fn on X is defined as follows.
DEFINITION 2.4. Let n < ∞ be the cardinality of a set G0 of generators of G, and (X, dX) be
the corresponding set of pointed trees. An action of g ∈ Fn on X is defined as follows.
(1) (T, e) · g is defined if and only if there exists a path δ ∈ Pe(T ) such that p(δ) = g.
(2) (T ′, e) = (T, e)·g if and only if there is an isomorphism of pointed spaces α : (T, g)→ (T ′, e).
To a partial action of Fn on X we can associate a pseudogroup of local homeomorphisms G as
follows. For r > 0 denote by DX(T, r) a clopen subset of diameter e
−r about (T, e), that is,
DX(T, r) =
{
(T ′, e) | dX(T, T ′) ≤ e−r
}
.
For each g ∈ Fn let `g = dFn(e, g). The action of g is defined on the union of clopen subsets
D =
⋃
{DX(T, `g) | T ∈ X, δ ∈ Pe(T ) such that p(δ) = g} ,(2)
which is clopen since G0 is a finite set and so (2) is a finite union. The mapping
γg : dom(γg) = D → Xn : (T, e) 7→ (T, e) · g
is a homeomorphism onto its image, and a pseudogroup Gn is defined to be a collection
Gn =
⊔
{ γg | g ∈ Fn }(3)
of local homeomorphisms. A subset G0n = { γg ∈ G | g ∈ G0 } is a generating set of G.
DEFINITION 2.5. [6] Let (X, dX) be a space of pointed trees, and G be the pseudogroup on X.
Then (T, e) and (T ′, e) are R-equivalent
(T, e) ∼R (T ′, e)
if and only if there exists γg ∈ G such that γg(T, e) = (T ′, e). An equivalence class of (T, e) ∈ X
with respect to R is denoted by R(T ) and is called the orbit of (T, e) under the action of G.
2.4. Foliated space MG with foliation by Riemann surfaces. We realize the pseudogroup
dynamical system (X,G) as the holonomy system of a smooth foliated space MG.
THEOREM 2.6. [16, 22] Let G be a finitely generated group, and (X, dX) be the corresponding
space of pointed trees with the action of a pseudogroup G. Then there exists a compact metric space
MG, and a finite smooth foliated atlas V = {φi : Vi → Ui × Xi}1≤i≤ν , where Ui ⊂ R2 is open, with
associated holonomy pseudogroup P, such that the following holds.
(1) The leaves of MG are Riemann surfaces.
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(2) There is a homeomorphism onto its image
t : X → ∪1≤i≤νXi,
such that t(X) is a complete transversal for the foliation F , and P|τ(X) = t∗G, where t∗G
is the pseudogroup induced on t(X) by G.
For completeness we give a sketch of the proof [16, 22].
Sketch of proof. Let A be the finite set of connected subtrees of an open ball BG(e, 1), excluding
the subgraph consisting of a single point. Denote by na the number of edges of a ∈ A. Let Σa be
a compact surface with boundary homeomorphic to a 2-sphere with na disks taken out, and label
the connected components of the boundary as follows: each boundary component corresponds to a
labeled edge wh of a, a boundary component is labeled by h if s(wh) = e, and it is labeled by h
−1
if t(wh) = e. Choose a Riemannian metric on Σa in such a way that each connected component of
the boundary has a closed neighborhood Y ag isometric to R/Z× [0, 1/2], and fix these metrics. For
each a ∈ A choose a base point pa in the interior of Σa.
Form a disjoint union
⊔
a∈ADX(a, 1)×Σa, and identify neighborhoods of boundary components as
follows. Suppose (T, e) ∈ DX(a, 1) and Σa contains a boundary component marked by h ∈ G0∪G−10 ,
where G−10 = {h−1 | h ∈ G0}. Then there is a pointed tree
(T ′, e) = (T, e) · h ∈ DX(a′, 1),
and Σa′ has a boundary component marked by h
−1. We identify {(T, e)} × Y ah ⊂ {(T, e)} ×Σa and
{(T ′, e)} × Y a′h−1 ⊂ {(T ′, e)} × Σa′ by setting
((T, e), (θ, s)) ∼ ((T ′, e), (−θ, 1/2− s)) , θ ∈ [0, 1], s ∈ [0, 1/2].
Taking the quotient by this equivalence relation one obtains a space
MG :=
⊔
a∈A
DX(a, 1)× Σa/ ∼ .
The obtained space MG is compact foliated space [16, 22], with leaves Riemann surfaces. Given a
clopen cover Za of DX(a, 1), and a geodesically convex open cover Ua of a surface Σa, by taking
products of charts one constructs the required foliation cover V, with transverse space given by
X =
⊔
{Zaj | j ∈ Ja, a ∈ A }.
To obtain an embedding of X notice that there is an embedding
ı : X →MG : (T, e) 7→ ıa ((T, e), pa) ,(4)
and define t : X → X as the obvious composition of (4) with the chart maps of V. Define a metric
dX on X as follows: since each Z
a
j is a subset of X we can define the metric dX on Z
a
j by restricting
the metric dX . If w ∈ Zaj , w′ ∈ Za
′
j′ and w,w
′ ∈ t(X), then set
dX(w,w
′) = dX(t−1(w), t−1(w′)),
otherwise set dX(w,w
′) = 1. The properties of t stated in the formulation of the theorem follow
straightforwardly from the construction.
2.5. Universal property. Theorem 1.3 is a consequence of Theorem 2.6. Given a pointed tree
(T, e) ∈ X, we denote by LT a leaf such that ı(T, e) ∈ LT .
Proof. (of Theorem 1.3). Denote by n the cardinality of the generating set G0 of G. Identify G0 with
a generating set of a free group on n generators Fn. Let (X, dX) be a space of infinite pointed trees
contained in the Cayley graph G of G, and (Xn, dX) be a space of infinite pointed trees contained
in the Cayley graph Fn of Fn. Then every tree in G can be identified with a unique tree in Gn, and
so X is identified with a subset of Xn. Thus there is an embedding Φ : X → Xn such that Φ(X) is
closed in Xn. It is then clear that the restricted pseudogroup Φ∗G = Gn|Φ(X), and the result follows
as a consequence of Theorem 2.6. 
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2.6. Graph matchbox manifolds. We give a definition of a graph matchbox manifold.
DEFINITION 2.7. Let G be a finitely generated group, and MG be a smooth foliated space obtained
by the construction of Kenyon and Ghys. Then a graph matchbox manifold is the closure M = L
of a leaf L in MG.
Given a pointed tree (T, e) ∈ X, we denote by LT a leaf such that ı(T, e) ∈ LT . It follows from
the proof of Theorem 2.6 that LT ∩ ı(X) = ı(R(T )), where R(T ) denotes the orbit of (T, e) ∈ X
under the action of the pseudogroup G. As usual in foliation theory, one aims to relate asymptotic
properties of orbits in X with asymptotic properties of leaves in MG, and thus study the dynamics
of graph matchbox manifolds via orbits of points in X. Using the construction in [13, section 2.2]
of a cover well-adapted to the metrics dM and dX, and uniform metric estimates which measure
distortions between dM and dX [13, section 2.2], one obtains the following lemma.
LEMMA 2.8. R(T ′) ⊂ R(T ) if and only if LT ′ ⊂ LT .
In particular, if (T, e) ⊂ X is a pointed tree in X, and MT = LT is the corresponding graph
matchbox manifold, then
MT =
{
L ⊂MG | ı
(
R(T )
)
∩ L 6= ∅
}
.
As a consequence of Lemma 2.8 one obtains the relation between asymptotic properties of leaves in
MT and the topology of the set R(T ). We first recall some definitions.
DEFINITION 2.9. [8] Let {Kα} be the set of all compact subsets of LT and Wα = LT −Kα be
the complement of Kα in LT . Then the limit set, or the asymptote, of LT is the set
limLT =
⋂
α
Wα.
A leaf LT is recurrent if LT ⊂ limLT . A graph matchbox manifold LT is recurrent if LT is recurrent.
In a compact foliated space MG the limit set limL is compact, non-empty and saturated [8]. The
following corollary follows straightforwardly from Lemma 2.8 and from definitions.
COROLLARY 2.10. A graph matchbox manifold MT = LT is recurrent if and only if R(T ) is a
Cantor set. If a matchbox manifold M has a recurrent leaf, then it contains an uncountable number
of leaves. If a transitive leaf L ⊂M is not recurrent, then every point of R(T ) is isolated in R(T ).
Finally it is convenient to formulate the following criterion of recurrence in terms of balls in graphs.
LEMMA 2.11. A graph matchbox manifold MT is recurrent if and only if there exists a sequence
{g`} ∈ V (T ), g` 6= e, such that for every r > 0 there exists `r > 0 such that for all ` ≥ `r there is
an isomorphism
αr` : DT (e, r)→ DT (g`, r).
2.7. Ends of leaves. In this technical section, we make precise the relationship between the ends
of a graph T and the ends of the leaf LT . A tool for that is the graph of the G-orbit of (T, e) ∈ X
which was considered in [22], and which we define now.
DEFINITION 2.12. Let (T, e) ∈ X. A graph ΓT of the G-orbit R(T ) is defined as follows: we set
V (ΓT ) = R(T ), and we join (T ′, e) and (T ′′, e) ∈ R(T ) by an oriented edge w with s(w) = (T ′, e)
and t(w) = (T ′′, e) if and only if there exists γh ∈ G0 such that γh(T ′, e) = (T ′′, e).
The graph ΓT is given a length structure in the usual manner so that the length of each edge is 1.
Ends are the means to study asymptotic properties of a topological space S, and are a form of
compactification of S. The following definition is also convenient for computations.
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Figure 2. Graphs B1 and B2. Thick lines indicate paths δ1 and δ2 in B1 and B2 respectively.
DEFINITION 2.13. [8] Let S be a Hausdorff locally compact locally connected separable topological
space. Let K1 ⊂ K2 ⊂ . . . be an increasing sequence of compact subsets Ki such that
⋃
iKi = S,
and
{Uαi} : Uα1 ⊃ Uα2 ⊃ . . . ,
be a decreasing sequence, where Uαi is an unbounded connected component of S \Ki. We say that
{Uαi} and {Vβi} are equivalent, {Uαi} ∼ {Vβi}, if for every i > 0 there exists j > i such that
(Uαi ∩ Vβi) ⊃
(
Uαj ∪ Vβj
)
.
An end e of S is an equivalence class of {Uαi} with respect to the equivalence relation ∼.
We denote by E(S) the set of ends of S and topologize S∗ = S ∪ E(S) as follows [8]. For every e
and Uαi ∈ {Uαi}, an open set Uαi is called the fundamental neighborhood of e. The topology on
S∗ is given by all open sets of S, plus all fundamental neighborhoods of ends together with ends
contained in each neighborhood. We say that a sequence {xn} ∈ S∗ converges to an end e ∈ E(S)
if every fundamental neighborhood of e contains all but a finite number of elements of {xn}.
It was proved in [9, Section 3.2], that the number of ends of a leaf in a foliated space is the same
as the number of ends of a corresponding path-connected component of the holonomy graph of the
foliated space. A very similar argument, relying on the existence of embeddings
ıa : DX(a, 1)× Σa →MG, a ∈ A,
which provide a cover ofMG, and which allow us to associate to each orbit of G in X a ‘plaque chain’
in LT made up of compact subsets isometric to Σa, a ∈ A, one obtains the following conclusion.
LEMMA 2.14. Let LT ∈MG be a leaf, and ΓT be the graph of R(T ). Then there is a homeomor-
phism E(LT )→ E(ΓT ).
Define a map vT : T → ΓT by vT (g) = (T, e) · g on the sets of vertices V (T ) and V (ΓT ), and map an
edge m ∈ E(T ) isometrically onto the oriented edge starting at vT (s(m)) and ending at vT (t(m)).
LEMMA 2.15. The map vT : T → ΓT is a covering projection. If vT is a homeomorphism, there
is an induced homeomorphism v∗T : E(T )→ E(ΓT ) of end spaces.
2.8. Examples. Let G = F2 and G0 = {a, b}. As before, the Cayley graph of F2 is denoted by F2.
Genus two surface and tori. The graph (F2, e) is invariant under the action of the pseudogroup G2,
that is, for any g ∈ G2 we have γg(F2, e) = (F2, e). It follows that LF2 is homeomorphic to a genus
two surface.
Let B0 ⊂ F2 be a subgraph with the set of vertices V (B0) =
⋃
n≥0{bn, b−n}. Then (B0, e) ∈
dom(γb±n), and γb±n(B0, e) = (B0, e), and LB0 is homeomorphic to the standard torus. Leaves LB1
and LB2 corresponding to bi-infinite graphs B1 and B2 in Fig. 2 are also homeomorphic but not
isometric to the standard torus.
Fusion of two graphs. We now create a graph T such that the corresponding leaf LT accumulates
on LB1 and LB2 . The graph T is obtained as a fusion of B1 and B2. Here we only describe the idea
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e
Figure 3. Fusion of graphs B1 and B2: infinite lines of a- and b-edges intersecting
at the origin e with isomorphic copies of DBk(e, 7) and DBk(e, 15), k = 1, 2, at-
tached. Large unmarked dots indicate images of the centers e of these balls under
the attaching maps.
of the fusion, with the rigorous algorithm given in Section 3.2. Fusion plays an important role in
the proof of main theorems in Sections 3 and 4.
We start with a graph T ′ ⊂ F2 such that V (T ′) =
⋃
n≥0{an, a−n, bn, b−n} (T ′ is a union of infinite
lines of a-edges and of b-edges, intersecting at e). The idea is to attach to T ′ copies of DB1(e, r) and
DB2(e, r), r > 0, in a specified order to obtain a graph T , so that the graph ΓT of the orbit R(T )
has 4 ends, there is at least one end accumulating on (B1, e), and at least one end accumulating on
(B2, e).
Let r0 = 2, and notice that DB1(e, 2) 6= DB2(e, 2). Let δ1 and δ2 be infinite subgraphs in B1 and
B2 respectively, such that V (δi) =
⋃
n≥0{bn} (see Fig. 2).
For i > 0 let
ri = 2
r0+i − 1 and Ri =
i−1∑
k=0
rk.
For k = 1, 2 let wki be an edge of δk such that w
k
i ⊂ DBk(e, ri) and wki ∩ ∂DBk(e, ri) 6= ∅. Then
T is obtained by attaching to T ′ isomorphic copies of DB1(e, ri), i ∈ N, such that the image of w1i
has a common vertex with the axis of a-edges, and this vertex is aRi+ri ; and also attaching to T ′
isomorphic copies of DB2(e, ri), i ∈ N, such that the image of w2i has a common vertex with the axis
of a-edges, and this vertex is a−(Ri+ri). The orbit R(T ) of the resulting graph (T, e) accumulates on
(B1, e) and (B2, e). The closure R(T ) also contains other pointed trees, for example, (B0, e) ⊂ R(T ).
It follows that LT ⊃ {LB0 , LB1 , LB2}.
We note that the resulting graph T depends on the choice of infinite paths δk in Bk, k = 1, 2. For
example, if V (δ1) =
⋃
n≤0{bn} in (B1, e), then by fusion we obtain the graph in Fig. 4.
Graphs with periodic orbits in a neighborhood of a given graph. Let δr = e
−r and let T be a graph
with the set of vertices (see Fig. 5, a))
V (T ) = {e}
⋃
i≥1
⋃
j≥0
{aibj , aib−j , a−ibj , a−ib−j}
 .
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e
Figure 4. Fusion of graphs B1 and B2, for a different choice of paths δk in Bk,
k = 1, 2. Large unmarked dots indicate images of the centers e of these balls under
the attaching maps.
The idea is to attach copies of Dr = DT (e, r) to a two-ended subgraph of F2 at regular intervals.
For each r > 0 there is an edge wr labeled by a, such that wr ⊂ DT (e, r) and wr ∩ ∂DT (e, r) 6= ∅.
For instance, we can choose wr as the edge lying in the intersection of DT (e, r) and an infinite edge
path δ in (T, e) such that V (δ) =
⋃
n≥0{an} (see Fig. 5, a)). Let S′r be a subgraph of F2 with
vertices V (S′r) =
⋃
i≥0{arbi, arb−i}. For each i ∈ Z, attach to S′r an isomorphic copy of Dr (see
Fig. 5 b)) such that the edge wr has a common vertex a
rb3i with S′. The resulting graph Sr is
periodic, and so the leaf LSr is compact. We note that dXn(T, Sr) = e
−r (see Fig. 5 b), c)).
3. Hierarchy of graph matchbox manifolds
Let MG be a foliated space obtained by the construction of Kenyon and Ghys, and S be the set
of graph matchbox manifolds, that is, the set of transitive saturated closed subsets of MG. In this
section we study a partial order  on S given by inclusions, and prove Theorem 1.4.
DEFINITION 3.1. Let MG be a foliated space and S be the set of transitive saturated closed
subsets in MG. A partial order  on S is given by the following rule:
Let M1,M2 ∈ S, then M1 M2 if and only if M1 ⊆M2.
By Theorem 1.3 a partially ordered set (S,) is a subset of (Sn,), where Sn is the partially ordered
set of graph matchbox manifolds in Mn, n = card(G0). We can then restrict our study to Mn.
3.1. Compact leaves. We prove Theorem 1.4.(1), that is, the set
C = {L ⊂Mn | L is compact}
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Figure 5. Constructing graphs with periodic orbits: a) Graph T . Thick line indi-
cates a path δ. b) Closed balls D2 and D3 in the graph T . c) Graph S2. d) Graph
S3.
is a dense meager subset and C ∩ X is countable, where X = ı(X) is an embedding of X into Mn
given by formula (4). The proof is contained in Lemmas 3.2 and 3.3.
We denote by ∂U the boundary of a subset U ⊂ Fn. We notice that if r > 0 is an integer then the
boundary ∂DFn(e, r) contains only vertices.
LEMMA 3.2. The subset C = {L ⊂Mn | L is compact}, n > 1, is dense in Mn.
Proof. By Lemma 2.8 it is enough to prove that the set C = {(S, e) ∈ X | LS ∈ C} is dense in X,
that is, for every (T, e) ∈ X and every δ > 0 there is an (S, e) ∈ C such that dX(T, S) < δ.
Given δ > 0, choose r > 0 such that e−r < δ. The procedure of constructing S consists of attaching
copies of a ball DT (e, r) to a two-ended subgraph of Fn at regular intervals (see Section 2.8 for an
example).
More precisely, since T is infinite, it has at least 1 end. Then there exists an edge wh, h ∈ G0, such
that wh ⊂ DT (e, r) and wh ∩ ∂DT (e, r) 6= ∅. Set
β =
{
1, t(wh) ∈ ∂DT (e, r),
−1, s(wh) ∈ ∂DT (e, r).
Let v2 = ∂DT (e, r) ∩ wh, and let v1 be the other vertex of wh.
Choose ĥ ∈ G0 such that ĥ 6= h. Let c : [0, 1] → T be the shortest path joining e ∈ T with v2.
Then wh ⊂ c([0, 1]). We associate to c a finite word h˜1 · · · h˜k−1hβ ∈ Fn, where k = dT (e, v2), and
either h˜s = hs or h˜s = h
−1
s for some hs ∈ G0, and V (c([0, 1])) = {v2} ∪
(
∪1≤s≤k−1h˜s
)
. Now let
f = h˜1 · · · h˜k−1hβ and
gn =
(
fĥ3r(f)−1
)n
, g−n =
(
fĥ−3r(f)−1
)n
.
Denote by δ+ and δ− respectively the subgraphs of Fn with the vertex sets
V (δ+) =
3r⋃
i=1
fĥi, V (δ−) =
3r⋃
i=1
fĥ−i
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that is, δ± are paths comprised of 3r edges marked by ĥ and starting at f . The path δ+ traverses
oriented ĥ-edges in the positive direction, and δ− in the negative direction. Denote by V ±0 =
DT (e, r) ∪ δ±, and let V ±n be a subgraph of Fn such that there is an isomorphism
α±n : (V ±n, g±n)→ (V ±0 , e).
Then define
S = (V +0 ∪ V −0 )
⋃ ⋃
n∈Z\{0}
V n
 .
The resulting infinite graph is connected and has two ends. By construction (S, e) is invariant under
the action of g±n, n ∈ N, and ΓS is a finite graph. As desired, dX ((T, e), (S, e)) < δ. 
Recall [21] that a set A ⊂ M is nowhere dense if M \ A is dense in M . A subset A ⊂ M is meager
(or of the first category) if it is the union of a countable sequence of nowhere dense sets.
Let (T, e) ∈ X be a graph and let ΓT be the graph of R(T ). We construct a section of the
covering projection vT : T → ΓT (see Section 2.7) on the set of vertices V (T ) as follows. For every
(T ′, e) ∈ V (ΓT ) let gT ′ ∈ V (T ) be a vertex such that
d(e, gT ′) = min{d(e, g) | g ∈ v−1T (T ′, e) },
and let F (T ) be a subgraph of T with the set of vertices V (F ) =
⋃
(T ′,e)∈V (ΓT ) gT ′ , that is, F (T ) is
a maximal subgraph of a fundamental domain of vT .
PROPOSITION 3.3. The set C of compact leaves is a meager subset of Mn. Moreover, C ∩ ı(X)
is countable.
Proof. Notice that C = ı−1(C ∩ ı(X)), where C is defined as in the proof of Lemma 3.2. Then C is
meager if and only if C is meager.
A leaf LT is compact if and only if R(T ) is a finite set. In this case F (T ) is compact. For each
r ∈ N define
Ar = {(T, e) ∈ X | F (T ) ⊂ DT (e, r) }.
Since DFn(e, r) contains at most a finite number of distinct subgraphs, there is a finite number
of distinct F (T ) ⊂ DT (e, r). Thus the set Ar is finite and, therefore, nowhere dense in X. Since
C = ⋃r>0Ar, the set C is meager and countable. 
REMARK 3.4. Alternatively, one can argue that given a compact leaf, there is always a one-
ended leaf accumulating on the compact one, which shows that the set C contains only leaves with
non-trivial holonomy. Since the set of leaves without holonomy in every foliated space is residual by
the result of Epstein, Millet, and Tischler [14] (and also observed independently by Hector [18]) the
set C must be meager.
3.2. Fusion of graph matchbox manifolds. In this section we prove Theorem 1.4.(2), that is,
that (Sn,) is a partially ordered set, by means of the fusion technique, which associates to any given
graph matchbox manifoldsM1 andM2 a graph matchbox manifoldM3 such thatM3 ⊇M1∪M2.
Proof of Theorem 1.4.(2) describes the fusion for a general case. An example of fusion is given in
Section 2.8.
Proof. (of Theorem 1.4.(2)). By Lemma 2.8 it is enough to show that if (T, e), (T ′, e) ∈ X, then
there exists (S, e) such that (T, e), (T ′, e) ∈ R(S). The procedure of constructing S consists of taking
a 4-ended graph C1 and attaching to it copies of DT (e, r) and DT ′(e, r), r > 0, in a certain order,
so that the graph ΓS of the orbit R(S) has 4 ends, there is at least one end accumulating on (T, e),
and at least one end accumulating on (T ′, e). Recall from Definition 2.12 that the set of vertices
V (ΓS) = R(S).
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The leaf topology on R(S) is the topology induced from ΓS . Recall that a point (T, e) ∈ R(S) is
in the limit set lime ΓS of an end e ∈ E(ΓS) if and only if there exists a sequence {(Sk, e)} ∈ ΓS
converging to e ∈ E(ΓS) in the leaf topology, and to (T, e) in the ambient topology.
Choose h, h˜ ∈ F 0n , and let C0 ⊂ Fn be a subgraph with the set of vertices V (C0) =
⋃
n∈Z{hn, h˜n}.
Then C0 has 4 ends. For v ∈ {h, h˜} denote
e+v = lim
n→∞ v
n, e−v = lim
n→∞ v
−n,
that is, {hn}n∈N represents an end e+h and {h−n}n∈N represents an end e−h , and similarly for v = h˜.
Let c+v and c
−
v respectively be infinite edge paths starting at e and comprised from the shortest
paths between the elements of the sets {vn}, and {v−n} so that C0 = c+h ∪ c−h ∪ c+h˜ ∪ c
−
h˜
. By Lemma
2.15 the graph ΓC0 has four ends. We will obtain the graph S by attaching finite decorations to c
+
h
and c+
h˜
so that
ΓT ⊂ lim
e+h
ΓS ∪ lim
e+
h˜
ΓS ,(5)
and to c−h and c
−
h˜
so that
ΓT ′ ⊂ lim
e−h
ΓS ∪ lim
e−
h˜
ΓS .(6)
If T 6= T ′ there exists r0 > 0 such that DT (e, r0) 6= DT ′(e, r0). If T = T ′ then set r0 = 2. Since T
and T ′ are infinite, each of them has at least one end. Choose infinite edge paths δ in T , and δ′ in
T ′ without intersections, such that V (δ) and V (δ′) are sequences of points in T and T ′ converging
to their ends.
For i > 0 let
ri = 2
r0+i − 1 and Ri =
i−1∑
k=0
rk.
Let wi be an edge of δ such that wi ⊂ DT (e, ri) and wi ∩ ∂DT (e, ri) 6= ∅. Set
β =
{
1, if t(wi) ∈ ∂DT (e, ri),
−1, if s(wi) ∈ ∂DT (e, ri).
Let vi ∈ G0 be a letter labeling wi. The intersection δi = DT (e, ri)∩ δ is a finite path in T of length
ki, and there is a finite word Ei = h1 · · ·hki−1vβi , hs ∈ G0 ∪G−10 , such that g ∈ δi is a vertex in δi
if and only if g = h1 · · ·hs for s < ki or g ∈ wi ∩DT (e, ri). Set
E˜i =
{
h˜Ri+riE−1i , if vi 6= h˜,
hRi+riE−1i , if vi = h˜.
Let Ci be a subgraph of Fn containing E˜i and such that there is an isomorphism αi : Ci → DT (e, ri)
with αi(E˜i) = e. Then αi(wi) ∩ C0 6= ∅, and the union
S′ =
⋃
i≥0
Ci
is a connected subgraph of Fn. By construction
(T, e) ∈ lim
e+h
ΓS′ ∪ lim
e+
h˜
ΓS′ .
Implementing a similar algorithm for (T ′, e), that is, attaching balls isomorphic to DT ′(e, ri), ri > r0,
to the ends e−h and e
−
h˜
of S′, one obtains a graph S satisfying conditions (5) and (6). 
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3.3. Maximal transitive components. We prove Theorem 1.4.(3), which says that Mn contains
recurrent leaves and so is a maximal element of (Sn,). We need [6, Theorem 3.5], whose proof we
give now for convenience of the reader.
LEMMA 3.5. Let S ′ = {Mi}i∈N be a totally ordered infinite subset of (Sn,). Then
M =
⋃
i∈N
Mi
contains a recurrent leaf. Therefore, Sn contains a maximal element.
Proof. [6, Theorem 3.5] Without loss of generality we can assume that every Mi−1 is a proper
subset of Mi, and so no leaf L ⊂ Mi is dense in M. Let {xi} be a sequence of points such that
xi ∈ Mi \ Mi−1. Since M is closed it is compact and {xi} has a limit point x. By construction
x /∈ ⋃i∈NMi, so M\⋃i∈NMi is non-empty.
Let {Ui} ⊂ M be a system of open neighborhoods of x, such that
⋂
i Ui = x. For every Ui denote
by U˜i its saturation. The set U˜i is open, and we claim that U˜i is dense in M.
Indeed, let V ⊂ M be open and let V˜ be its saturation. Then there exists Mki ,MkV ∈ S ′ such
that U˜i ∩Mki 6= ∅, and V˜ ∩MkV 6= ∅. Since S ′ is totally ordered, we have either Mki  MkV
or MkV  Mki . For definitiveness assume the former. Let L ⊂ MkV be a transitive leaf, then
L ⊂ U˜i ∩ V˜ , which implies that U˜i is dense in M.
The intersection
⋂
i U˜i of a countable family of open dense subsets is exactly the leaf Lx 3 x. Since
M is compact and Hausdorff, it is a Baire space, and Lx is dense inM. Since Lx is in the boundary
of
⋃
i∈NMi, Lx is recurrent and M∈ Sn.
It follows that every totally ordered subset of (Sn,) has an upper bound which is a recurrent graph
matchbox manifold if S ′ is an infinite chain, and a transitive graph matchbox manifold in the case
when S ′ is finite. Applying Zorn’s lemma we conclude that Sn contains a maximal element. 
Recall [21] that a set A ⊂M is residual if its complement M \A is meager.
Proof. (of Theorem 1.4.(3)) Let Mmax be a maximal element in (Sn,), and M be any matchbox
manifold. By Theorem 1.4.(2) there exists a matchbox manifold M′ obtained by fusion, such that
Mmax ∪M is a subset of M′. Since Mmax is maximal, Mmax =M′ and, therefore, M⊂Mmax.
It follows that there is a unique maximal element which contains every graph matchbox manifold
M. Then necessarily Mmax = Mn ∈ (Sn,). Since Xn is a Cantor set, by Corollary 2.10 Mn is
recurrent. 
4. Theory of levels for graph matchbox manifolds
In this section, inspired by ideas of Cantwell and Conlon [10, 11], and also of Hector [17], Nishimori
[27, 28] and Tsuchiya [34] for codimension 1 transversally C2-differentiable foliations, we introduce a
quantifier of dynamical complexity of a set in (Sn,) which, following [10], we call level. We repeat
now Definition 1.6.
DEFINITION 4.1. Let M⊂Mn be a graph matchbox manifold.
(1) M is said to be at level 0 if either M is a compact leaf, or M is a minimal foliated space.
In that case all leaves of M are also at level 0.
(2) M is at level k if the closure of the union of leaves which are not dense in M, is a proper
closed subset of M, every such leaf is at level at most k− 1, and there is at least one leaf at
level k − 1. If M is at level k, a leaf L ⊂M is at level k if and only if L is dense in M.
(3) A leaf L is at infinite level if it is not at finite level.
The goal of this section is to prove Theorems 1.5, 1.8 and 1.9.
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4.1. Leaves at infinite levels. We investigate leaves at infinite levels and prove Theorem 1.5. We
first notice that Definition 4.1 allows for two types of leaves at infinite levels.
Let M = L. Then L ⊂Mn is not at a finite level if one of the following holds:
(1) Type 1. The union of leaves which are not dense in M is dense in M, and M is a proper
subset of Mn.
(2) Type 2. The union of leaves which are not dense inM is a proper subset ofM and contains
a leaf at infinite level.
Theorem 1.5 states that Mn contains leaves of both types. A proof of that is given in the following
two propositions.
PROPOSITION 4.2. In the space of graph matchbox manifolds M2 there exists a leaf L and a
graph matchbox manifold M = L at infinite level of Type 1.
Proof. We have to prove that there exists an infinite increasing chain
M0 ⊂M1 ⊂M2 ⊂ · · ·
of distinct graph matchbox manifolds such that M = ⋃iMi is a proper subset of Mn. Then M is
a graph matchbox manifold at infinite level of Type 1.
Let F 02 = {a, b}, and let T0 be a subgraph of F2 with the vertex set V (T0) = ∪n≥0{an, a−n}. then
L0 = LT0 is a compact leaf. Let T1 be a subgraph of F2 with the vertex set V (T1) = ∪n≥0an. Then
L1 = LT1 is a proper leaf, and M1 = L1 contains L1 and L0. For n > 2 construct a graph Tn by
applying the fusion construction of Section 3.2 for T = T ′ = Ti. Define the depth k(Tn) to be the
maximal number of changes from an edge labeled by a to an edge labeled by b or vice versa in a
finite path in Tn starting at the origin. It is easy to see that k(Tn) ≥ k(Tn−1) + 1. This implies that
for R > 0 large enough to contain a path of depth k(Tn), there is no isomorphism from a closed
ball in Ti, i < n, onto a closed ball of radius R around the origin in e, and so Tn /∈
⋃
0≤i<nR(Ti).
Therefore, all Tn and Mn = LTn are distinct and the complement of ∪n≥0Mn in the closure
M =
⋃
n≥0
Mn
is non-empty. Then by Lemma 3.5 M is a recurrent graph matchbox manifold at infinite level
of Type 1. We notice that M is a proper subset of M2 since it is easy to find a finite subgraph
S ⊂ BF2(e, 3) which is isomorphic to no subgraph of Tn for every n ≥ 0. 
PROPOSITION 4.3. Let M be a graph matchbox manifold at infinite level and suppose M is a
proper subset of Mn. Then there exists a graph matchbox manifold M˜ such that
M⊂ M˜ ⊂Mn
are proper inclusions. The space M˜ is at infinite level of Type 2.
Proof. Let L ⊂ M be a dense leaf, and (TL, e) ∈ ı−1(L ∩ ı(X)). By assumption the complement
Mn \M is open, then we can find a compact leaf C such that C ∩M = ∅. Let TC ∈ ı−1(C ∩ ı(X)),
and let TΦ be a graph obtained by fusion on TL and TC (see Section 3.2), and Φ be the corresponding
leaf. Then Φ ⊃ L ∪ C. The complement of Φ in Mn is open, and to prove the proposition we have
to show that Φ can be chosen in such a way that the complement of Φ is non-empty.
The leaf Φ can either be recurrent or proper. If Φ is proper, then every point of R(Φ) is isolated
in R(Φ), and since Xn is a Cantor set, this implies that the complement Mn \ Φ is non-empty. We
show that Φ is proper.
Since C ∩M = ∅, and Φ ⊃ C, L is a proper subset of Φ. Suppose Φ accumulates on itself, then
by Lemma 2.11 there exists a sequence {g`} ∈ V (TΦ), g` 6= e, such that for every r > 0 there exists
`r > 0, and for all ` ≥ `r there is an isomorphism
αr` : DTΦ(e, r)→ DTΦ(g`, r).
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Figure 6. Graphs Bm, m = 0, 1, 2.
C
Figure 7. Graph C.
In the fusion construction of Section 3.2 let h, h˜ ∈ F 0n and let A and B be subgraphs of Fn with
V (A) = ∪n∈Zhn and V (B) = ∪n∈Zh˜n. Recall that TΦ was obtained by attaching copies of closed
balls DTL(e, n) and DTC (e, n) to the union of A and B in Fn. Without loss of generality we can
assume that DTΦ(g`, r) is not isomorphic to a subset of DTL(e, n) for any `, r, n > 0. Indeed, suppose
there exists a subsequence {g`k} such that for r > rk there is an isomorphism onto its image
DTΦ(g`k , r)→ DTL(e, nk),(7)
nk ≥ r. Then Φ ⊂ L which contradicts the construction of Φ. By a similar argument we can assume
that DTΦ(g`, r) is not isomorphic to a subset of DTC (e, n) for any `, r, n > 0.
Suppose g` is a vertex in the copy of DTL(e, n`) attached to A ∪ B, and let a` be the length of the
shortest path between g` and the point of the attachment. Then either {a`} contains a monotonically
increasing subsequence, or {a`} converges to an integer a. If the first situation occurs, then it is
possible to choose a subsequence of {g`} satisfying the property (7), which contradicts the choice of
Φ. The second situation cannot occur either by the following argument. Without loss of generality
we can assume that g` is at distance a from A, and v` ∈ A is such that dTΦ(g`, v`) = a. Then for
r > a the image of v` is either in B, or inside one of the attached copies of DTL(e, r). The first
situation is not possible, since by construction the image of v` has two adjacent a-edges, while every
point in B except the origin has at most one adjacent a-edge. In the second case the isomorphism
between DTΦ(g`, r) and DTΦ(e, r), r > a, implies that the copy of DTL(e, r) in Φ which contains the
image of v`, also contains an infinite subgraph, which is not possible. By a similar argument {g`}
cannot contain a subsequence of vertices lying in the copies of DTC (e, n).
Therefore, {g`} ∈ V (A∪B). Passing to a subsequence without loss of generality we can assume that
g` ∈ V (A). But such a sequence cannot exist since every point of A except the origin is a vertex
with at most three adjacent edges, while the origin is a vertex with four adjacent edges. It follows
that Φ is a proper leaf, and the complement Mn \ Φ is non-empty. Then M˜ = Φ is at infinite level
of Type 2. 
4.2. Proof of Theorem 1.8. Recall [8] that a graph matchbox manifold M is totally proper if
it contains only proper leaves [10]. Theorem 1.8 states that there exists a totally proper graph
matchbox manifold M at level 2 which contains a countably infinite number of distinct compact
leaves. First we need a few auxiliary lemmas. Let F 0n = {a, b}.
LEMMA 4.4. Given m ≥ 0, there exists (Bm, e) ∈ X such that the leaf Lm = LBm ⊂ Mn is
compact, and all leaves Lm are distinct.
Proof. Let B0 be a subgraph of F2 with the set of vertices V (B0) =
⋃
k≥0{bk, b−k} (see Fig.6).
Given m ∈ N let Bm be a subgraph of F2 with the set of vertices
V (Bm) = V (B0)
⋃(⋃
k∈Z
{bmka, bmka−1}
)
.
Then Bm is invariant under the action of b
mk, and the corresponding leaf Lm is compact and
homeomorphic but not isometric to the standard 2-torus. 
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LEMMA 4.5. There exists a graph (C, e) ∈ X such that the leaf LC ⊂ Mn contains a single leaf
L0 in its limit set. It follows that MC is at level 1.
Proof. Let A0 be a subgraph of F2 with the set of vertices V (A0) = ∪k≥0{ak, a−k}. For every k > 0
let B˜δk, δ = ±1, be a subgraph of F2 containing aδk such that there is an isometry αδk : B0 → B˜δk
with αk(e) = a
δk. Set (see Fig.7)
C = A0 ∪B0 ∪
(⋃
k>0
{B˜k, B˜−k}
)
.
The pseudogroup GC of the corresponding matchbox manifold MC is generated by γa and γb, and
the graph (C, e) is invariant under γa. We have
dom(γa) ∩R(C) = (C, e), R(C) ⊂ dom(γb).
Clearly (B0, e) ⊂ R(C), so L0 ⊂ limLC . We now have to show that there are no other leaves in LC .
Suppose (T, e) ∈ R(C). Then there exists a sequence (C, gs), s ∈ N, such that for every r > 0 there
exists sr such that for all s > sr there is an isometry
αrs : DC(gs, r)→ DT (e, r).
Since γa(C, e) = (C, e) we can assume that gs = b
ks , ks ∈ Z. Suppose there exists m ∈ N such that
for s > m and all r > 0 we have DC(b
ks , r − 1) ∩ A0 = ∅. Then (T, e) = (B0, e). If not, let m > 0
be such that DC(b
km , r− 1)∩A0 6= ∅. Then then for all s > m we have dC(bks , e) = dC(bkm , e) and
bks = bkm . Then (T, e) = (C, bkm). Thus MC contains only 2 leaves, one of which is at level 0, and
it follows that MC is at level 1. 
REMARK 4.6. Of course, there are many examples which satisfy requirements of Lemma 4.5.
Let B′0 be a subgraph of F2 with the set of vertices V (B′0) = V (B0) ∪ {a, a−1}. Then L0 ⊂ MB′0 ,
and an argument similar to the one in Lemma 4.5 shows that MB′0 is at level 1.
The following proposition completes the proof of Theorem 1.8.
PROPOSITION 4.7. There exists (T, e) ∈ X such that the graph matchbox manifold MT has the
following properties.
(1)
⋃
m Lm ⊂MT , where Lm are as in Lemma 4.4.
(2) For every m ∈ N there is a distinct end em such that Lm ⊂ limem LT .
(3) MT is at level 2.
Proof. Let A0 be a subgraph of F2 with the set of vertices V (A0) = ∪k≥0{ak, a−k}. For every k > 0
let B˜δk, δ = ±1, be a subgraph of F2 containing aδk such that there is an isometry αδk : Bk → B˜δk
with αδk(e) = a
δk, where Bk was constructed in Lemma 4.4. Set
T = A0 ∪B0 ∪
(⋃
k>0
{B˜k, B˜−k}
)
.
Then (1) and (2) are clearly satisfied. We have to show that MT is at level 2.
We first notice that MT is at level at least 2, since MT ⊃ MC where MC was obtained in the
proof of Lemma 4.5. To see that notice that, given r > 0, for every s ≥ sr = r there is an isometry
αrs : DT (a
2s, r)→ DC(e, r), and so the sequence {(T, e) · a2r} converges to (C, e).
We now show that non-dense leaves inMT are at level at most 1, and soMT is at level 2. Suppose
(T ′, e) ∈ R(T ). Then there is a sequence (T, gs) converging to (T ′, e), i.e. for every r ≥ 2 there exists
sr > 0 such that for every s ≥ sr there is an isometry αrs : DT (gs, r) → DT ′(e, r). The following
argument is just a more complicated version of the one in Lemma 4.5. Let
` = min
s
{ dist(gs, A0) | s ∈ N },
and let s1 be such that dist(gs1 , A0) = `. Consider the following cases.
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Case 1. Suppose ` = 0. Then gs1 = a
m1 , m1 ∈ Z. Since r ≥ 2, DT (gr1 , r) contains an edge path of
a-edges of length at least 4, and it follows that for all r ≥ r1 and all s ≥ s1 we have
gs = a
ms , ms ∈ Z.
Then two situations are possible: either there exists r2 ≥ r1 and s2 ≥ s1 such that DT (gs2 , r2)
contains another path of a-edges which necessarily has length 2, or such an r2 does not exist. In the
first case it follows that for all r ≥ r2 and all s ≥ s2 we have gs = a±m2 , m2 ∈ Z. Since {(T, e) · gs}
converges, there is an s3 ≥ s2 such that for all s ≥ s3 either gs = gs3 = am2 or gs = gs3 = a−m2 . If
the former is true, then (T ′, e) = (T, e) ·am2 , otherwise (T ′, e) = (T, e) ·a−m2 . In the second case for
every r ≥ r1 and s ≥ s1 one constructs an isomorphism DT (gs, r) → DC(e, r), and it follows that
(T ′, e) = (C, e).
Case 2. Suppose ` > 0, and set `s = dist(gs, A0), s ∈ N. Let ms be such that `s = dT (ams , gs).
Case 2.1. Suppose there exists r1 ≥ 2 and s1 > 0 such that for all r ≥ r1 and all s ≥ s1 we have
`s ≥ r. Then either
gs = a
msbk, |k| > 1,
or
gs = a
msbkaβ , |k| > 1, β = ±1.
Then three situations are possible.
Case 2.1.1. First, there may exist r2 ≥ r1 and s2 ≥ s1 such that the ball DT (gs2 , r2) contains at
least two distinct paths of a-edges c1 and c2, which are necessarily of length 2. Let
˜`= dH(c1, c2),
where dH is the distance between these sets. Then for every r > r2 the ball DT (gs, r) must contain
two distinct paths of a-edges such that the distance between them is exactly ˜`. Then either gs2 ∈
V (B˜˜`) or gs2 ∈ V (B˜−˜`), and the same is true for gs for s ≥ s2. It follows that (T ′, e) ∈ R(B˜`), as
we show now.
Indeed, if gs = a
msbk, let g˜ ∈ V (T ) be such that
dT (gs, gsg˜) = dist(gs, c1 ∪ c2),
and if gs = a
msbkaβ , let g˜ = a−β . Then for every r ≥ r2 and every s ≥ s2 there is an isometry
αrs : DT (gs, r)→ DB˜`(g˜−1, r),
which implies (T ′, e) = (B˜`, e) · g˜−1.
Case 2.1.2. Second, there may exist r2 ≥ r1 and s2 ≥ s1 such that for all r ≥ r2 and all s ≥ s2 the
ball DT (gs, r) contains exactly one path of a-edges c1, which is necessarily of length 2. Then r
′ > r
implies sr′ > sr, that is, there is a subsequence {gsv} ⊂ {gs} such that distinct gsv lie in distinct
B˜l˜v . Then by a similar argument as in Case 2.1.1 (T
′, e) ∈ R(B′0), where B′0 is as in Remark 4.6.
Case 2.1.3. Third, if for all r ≥ r1 and all s ≥ s1 the closed ball DT (gs, r) does not contain any
a-edges, then there is an isometry
DT (gs, r)→ DB0(e, r),
and it follows that (T ′, e) = (B0, e).
Case 2.2. Suppose there exists r′ ≥ 2 and s′ > 0 such that for all r ≥ r′ and all s > s′ we have
`s < r. Then DT (gs, r) ∩A0 6= ∅ and two situations are possible.
Case 2.2.1. There exists r1 ≥ 2 and s1 > 0 such that for all r ≥ r1 and all s ≥ s1 we have `s < r−1.
Then DT (gs, r) contains a path of a-edges of length at least 4, and for s > s1 we have `s = `s1 . If
there exists r2 ≥ r1 and s2 ≥ s1 such that DT (gs2 , r) contains another path of a-edges, which is of
length necessarily 2, then for all s ≥ s2 either gs = gs2 or gs = g−1s2 . By increasing r and possibly s2
we exclude one of these options, and it follows that either (T ′, e) = (T, e) ·gs2 or (T ′, e) = (T, e) ·g−1s2 .
If r2 with this property does not exist, then gs = a
msbk for some k ∈ Z, and (T ′, e) = (C, e) · bk.
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Figure 8. Construction of K.
Case 2.2.2. If an r1 as specified in Case 2.2.1 does not exist, then for all r ≥ r′ and all s > s′ we have
`s = r−1, and DT (gs, r) contains at least one path of a-edges of length 2. If there exists r2 ≥ r′ and
s2 > s
′ such that DT (gs2 , r2) contains at least 2 distinct a-edge paths, then we are in the situation
of the Case 2.1.1, and (T ′, e) ∈ R(Bk) for some k ≥ 1. Otherwise DT (gs, r) contains exactly one
a-edge path of length 2, and we are in the situation of the Case 2.1.2. Then (T ′, e) ∈ R(B′0).
Case 2.3. If r′ > 2 and s′ > 0 such as in Case 2.1. and Case 2.2 do not exist, then there is a
subsequence {gks} of {gs} such that there exists r′ ≥ 2 and s′ > 0 such that for all r ≥ r′ and all
s > s′ we have `ks < r (resp. `ks ≥ r). Then use the argument of Case 2.2. (resp. Case 2.1.).
This exhausts the distinct possibilities for choosing a sequence {gs}. We have shown that limLT
contains leaves at level at most 1. It follows that MT is at level 2. 
4.3. Proof of Theorem 1.9. We prove Theorem 1.9, which states that there exists a graph match-
box manifold at level 2 exhibiting interesting dynamics, namely, one can find a clopen subset of a
transversal such that the restricted pseudogroup is equicontinuous.
We construct such a matchbox manifold for n = 2, i.e. in M2. Let F
0
n = {a, b} be a set of generators.
We first give a construction of a tree (K, e) ∈ X, and then prove thatMK satisfies the requirements
of the theorem in a series of propositions and lemmas.
Let C0 = L0 be a subgraph of F2 with the set of vertices V (C0) = V (L0) = {e, a, a−1, b, b−1}. Given
Ci and Li define A
δ
i , δ = ±1, to be a subgraph of F2 containing the vertex aδ2
i
such that there is
an isomorphism
αδi : A
δ
i → Ci with αδi (aδ2
i
) = e,
and Bδi be a subgraph of F2 containing the vertex bδ2
i
such that there is an isomorphism
βδi : B
δ
i → Li with βδi (bδ2
i
) = e.
Then set Ci+1 = Ci ∪ A1i ∪ A−1i ∪ B1i ∪ B−1i , and Li+1 = Li ∪ B1i ∪ B−1i . Define K =
⋃
i∈N Ci (see
Figure 8). We show that MK contains an uncountable number of leaves, and each leaf is at finite
level.
LEMMA 4.8. The graph matchbox manifoldMK is recurrent, and, therefore, it has an uncountable
number of leaves.
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Proof. Let gi = a
2i , i ∈ N, so all gi are distinct. Then for k ≥ i there is an isometry
αik : DK(gk, 2
i − 1)→ DK(e, 2i − 1),
and by Lemma 2.11MK is recurrent. Therefore,MK contains an uncountable number of leaves. 
Let A ⊂ K be a subgraph with the set of vertices V (A) = ⋃i∈Z{ai}. We call a connected subgraph
F ⊂ K a vertical decoration of K, if the set of vertices V (F ) satisfies the following two conditions.
(1) There exists a vertex an, n ∈ Z, called the point of attachment of F to A, such that
an ∈ V (F ) and for every m 6= n we have am /∈ V (F ).
(2) If anbk ∈ V (F ) then anb−k /∈ V (F ).
A vertical decoration F is a one-ended connected subtree of K with exactly one vertex an lying in
A. We say that F is finite of length ` if ` is the length of a longest path without self-intersections
contained in F . If F is not finite, we say that F is infinite. We notice that K has 2 distinct infinite
decorations attached to A at the vertex e, and all other vertical decorations are finite.
To prove Theorem 1.9 we need the following two lemmas.
LEMMA 4.9. If (T, e) ∈ R(K) has more than 2 ends, then (T, e) ∈ R(K).
Lemma 4.9 states that LK is the only 4-ended leaf in MK , and every other leaf is either 2-ended,
1-ended or compact.
Proof. Let (T, e) ∈ R(K), and notice that (T, e) cannot have more than two infinite vertical decora-
tions. Indeed, suppose there are more than two such decorations, then there are at least two distinct
vertices v1 and v2 where these decorations are attached to the subgraph A. Since (T, e) ∈ R(K),
there exists a sequence {gs} ∈ V (K) such that for every
r > max{dT (e, v1), dT (e, v2)}
there is sr > 0 such that for all s > sr there is an isometry BK(gs, r)→ DT (e, r), which implies that
for any m > 0 we should be able to find a pair F
(m)
1 , F
(m)
2 of vertical decorations in K of length at
least m such that the distance between their points of attachment to A is precisely dT (v1, v2). This is
not possible, since the distance between decorations of length at least m in K strictly increases with
m. Therefore, (T, e) has at most two infinite vertical decorations. Now suppose (T, e) has two infinite
vertical decorations, and let v1 ∈ T be the vertex at which the decorations are attached. Then for any
r > 0 one can construct an isometry DK(e, r)→ DT (v1, r), which implies (T, e) = (K, e) · v−11 . 
To keep track of leaves inMK , we construct a section of R(K) \R(K) using the coding procedure,
employed in [3, Section 3.2] to study the example of Kenyon and Ghys.
LEMMA 4.10. Let Q4 =
{
a, a−1, b, b−1
}N
be the set of one-sided infinite sequences. Then there
exists a subset Q ⊂ Q4 and a map P : Q → X such that for every (T, e) ∈ R(K) \ R(K) we have
P (Q) ∩R(T ) 6= ∅.
Proof. Consider a subset
Q =
⋃
n∈N
{(α0 . . . αn(aa−1)) | αi = bδ, δ ∈ {−1, 1}, 0 ≤ i ≤ n} ∪ {(bb−1)} ∪ {(b)} ∪ {(b−1)} ⊂ Q4,
and obtain the map P : Q → X as follows. Let x0 = e, and x1 = x0α0 ∈ V (F2). Set E1 = L1 to
be the subgraph of F2 with the set of vertices V (E1) = V (L1) = {x1, x1a, x1a−1, x1b, x1b−1}. For
i ≥ 2 obtain the graphs (Ei, xi) are by the following inductive procedure.
Let xi−1, Li−1 and Ei−1 be given. Let xi = xi−1α2
i−1
i−1 , then there is an edge w ⊂ F2 such that
Ei−1∩w is a vertex, and such that xi is another vertex of w. Set L′ and E′ to denote the subgraphs
of F2 containing the vertex xi such that there are isometries
αi : L
′ → Li−1, with αi(xi) = xi−1,
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and
βi : E
′ → Ei−1, with βi(xi) = xi−1.
Set L′δ and E
′
δ to denote the subgraphs of F2 containing the vertices xibδ2
i−1
and xia
δ2i−1 respectively,
such that there are isometries
αδi : L
′
δ → L′, with αδi (xibδ2
i−1
) = xi, δ ∈ {−1, 1},
and
βδi : E
′
δ → E′, with βδi (xiaδ2
i−1
) = xi, δ ∈ {−1, 1}.
Let Ei = E
′ ∪ E′1 ∪ E′−1 ∪ L′1 ∪ L′−1, Li = E′ ∪ L′1 ∪ L′−1, and
P (α) =
⋃
i∈N
Ei.
We always have x0 ∈ Ei. If the sequence α ∈ Q is eventually periodic with period 2, then for large i
the complement of Ei in P (α) has 2 unbounded connected components, and P (α) has 2 ends. There
are also two sequences which are periodic with period 1, that is, α = (b) and α = (b−1). In this case
the complement of Ei has one unbounded connected component, and P (α) has 1 end.
We show that P (Q) is a section of R(K) \ R(K). Let VN = DX(K, 2N−1) ∩X, that is,
(T, e) ∈ VN if and only if there is an isomorphism DK(e, 2N−1)→ DT (e, 2N−1).
Then V1 hits every orbit in R(K). Consider V2 ⊂ V1. We show that if (T, e) ∈ V2 \ R(K), there
exists α = (α0, . . . , αn(aa
−1)) such that P (α) ∈ R(T ).
Indeed, if (T, e) ∈ V2 \ R(K) there is necessarily an isometry DK(am, 2)→ DT (e, 2), m ∈ Z, and e
is a point of attachment of a vertical decoration F . Since (T, e) /∈ R(K), by Lemma 4.9 F is of finite
length ` = 2i−1, i ∈ N. Let x0 be the vertex in V (F ) such that dT (e, x0) = `, and either x0 = t(wb)
or x0 = s(wb), where wb is an edge adjacent to x0. For definitiveness assume that t(wb) = x0. Then
for 0 < k ≤ i set
xk = xk−1 · b−2k−1 , αk−1 = b−1.
Then xi = e. For k ≥ i, implement the following inductive procedure, which uses the fact that
(T, e) ∈ R(K), and so every pattern in T must be replicated in K. The boundary of the ball
BT (xk, 2
k−1) has two adjacent a-edges v1 and v2, such that t(v1), s(v2) ⊂ ∂BT (xk, 2k−1) and
s(v1), t(v2) /∈ BT (xk, 2k−1). Let F1 and F2 be vertical decorations attached to p1 = s(v1) and
p2 = t(v2) respectively. Then one of them must have length 2
k − 1, and another one must have
length 2k+1 − 1. If p1 is the vertex with decorations of length 2k − 1, set xk+1 = p1 and αk = a−1.
Otherwise set xk+1 = p2 and αk = a. In this way we obtain α ∈ Q such that P (Q) = (T, e) · b2i−1.
Now suppose (T, e) ∈ V1 and R(T ) ∩ V2 = ∅. Let {gs} ∈ V (K) be a sequence of vertices such that
for every r > 0 there is sr > 0 such that for every s > sr there is an isometry
αrs : DK(gs, 2
r − 1)→ DT (e, 2r − 1).
By choosing a bigger sr, if necessary, we can assume that DK(gs, 2
r − 1) ∩A0 = ∅, where A0 is the
axis of a-edges, which means that DK(gs, 2
r−1) is contained in a vertical decoration Fs of K. Then
there are two situations: either there exists r1 > 0 and s1 > 0 such that ∂DK(gs1 , 2
r1 − 1) consists
of a single point, and then the same is true for ∂DK(gs, 2
r − 1) for all s > s1 and r > r1, or such
an r1 does not exist. In the first case the same condition is true for every r > r1 and s > s1, and
it follows that either (T, e) = P ((b−1)) · b−m or to P ((b)) · bm for some m ∈ Z. In the second case
(T, e) = P ((bb−1)). 
Proposition 4.11 completes the proof of Theorem 1.9. Recall [20] that a pseudogroup G of local
homeomorphisms of X is equicontinuous if for every  > 0 there exists δ > 0 such that for every
γ ∈ G and every x, y ∈ dom(γ) with dX(x, y) < δ we have dX(γ(x), γ(y)) < .
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PROPOSITION 4.11. The restriction G|V2 is equicontinuous. Every leaf in a graph matchbox
manifold MK is at level at most 2. A leaf LT is at level 0 or 1 if and only if R(T ) ∩ V2 = ∅, and
there is only a finite number of such leaves.
Proof. Let LT be a leaf such that R(T ) ∩ V2 = ∅. Then by the proof of Lemma 4.10 either
R(T ) 3 P ((bb−1)), or R(T ) 3 P ((b)), or R(T ) 3 P ((b−1)). In the first case LT is a compact leaf
and so is at level 0. In the second and the third case an argument similar to those in Section 4.2
shows that LT is a one-ended leaf with a single compact leaf in its closure. Such a leaf is at level 1.
We now show that if LT is such that (T, e) ∈ V2, then its orbit under the restricted pseudogroup
G2 = G|V2 is dense in V2. If that is true, then LT is dense in MK and so is at level 2.
To prove this statement we show that G2 is equicontinuous. Then by standard arguments, making
use of the fact that for an equicontinuous pseudogroup one has uniform control over the domains of
maps (see, for example, [13, 4]) the G2-orbits of points in V2 are dense in V2.
First we notice that V2 is invariant under the action of the sub-pseudogroup A4 = 〈γa4〉, and
V2 ⊂ dom(γg), γg ∈ A4.(8)
Indeed, let g = a4n and (T, e) ∈ V2. Then (T, e) ∈ R(P (α0 . . . αn(aa−1))) and there exists an
isomorphism
α : DK(e, 2)→ DT (e, 2).
It follows that e lies on the bi-infinite line of a-edges and the action of g on (T, e) is defined. Since
(T, e) ∈ R(K) there exists (K, gn) such that there is an isomorphism
α : DT (e, 4(n+ 1))→ DK(gn, 4(n+ 1)) ∈ V2,
and which implies that gn = a
4m. It follows that (T, e) · g ∈ V2. Next, we claim that G2 = A4|V2 .
Let (T, e) ∈ V2 and g ∈ F2 such that (T, e) · g ∈ V2. Since (T, e) ∈ R(K), then there exists a4m,
m ∈ Z, such that there is an isomorphism DK(a4m, `(g) + 3)→ DT (e, `(g) + 3), and so (K, e) · a4mg
is defined. Moreover, necessarily
(K, e) · a4mg = (K, e) · a4n.
Since K is simply connected and translations by b take (K, e) · a4m out of V2, then g = a4(n−m).
We now show that G2 is equicontinuous. Let (T, e) ∈ V2, and let
(9) 2i−1 − 1 ≤ N < 2i − 1, RN = 2 ∗ 2i − 1.
Suppose dX(T, T
′) < e−RN . We claim that for any γ ∈ G2 we have dX(γ(T ), γ(T ′)) < e−N . Indeed,
to see that notice that for 0 ≤ 4k < 2i we have an isomorphism
DT ·a4k(e, 2
i − 1)→ DT (a4k, 2i − 1) ⊂ DT (e,RN ),
and therefore there is an isomorphism
DT ·a4k(e, 2
i − 1)→ DT ′·a4k(e, 2i − 1).
Next notice that by construction for every T ∈ V2 a ball DT (e, 2i − 1) is invariant under the action
of a2
i
. Therefore, for every k′ = 2i + 4k, 0 ≤ 4k < 2i we have an isomorphism
DT ·a4k(e, 2
i − 1)→ DT ·ak′ (e, 2i − 1),
and similarly for T ′. The statement follows. 
5. Some further properties of graph matchbox manifolds
5.1. Growth of leaves at finite levels. In this section we prove Theorem 1.10, which states that
Mn contains a leaf of a linear growth, and a leaf of exponential growth. It is enough to construct
such examples in M2. Let G0 = {a, b}.
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We first recall some definitions [8]. If (T ′, e) ∈ R(T ) define the ‘plaque distance’ by
PD(T ′, T ) = min{`w(g) | γg(T, e) = (T ′, e)},
where `w(g) is the length of g in the word metric on F2, and otherwise PD(T, T
′) = ∞. Then
PD(T, T ′) = dΓT (T, T
′). For k ≥ 0 let
Γk(R(T )) = {(T ′, e) ∈ R(T ) | PD(T ′, T ) ≤ k},
and define the growth function of R(T ) by
HR(T ) : Z+ → R+ : k 7→ card(Γk(R(T ))).
Recall from [8, Proposition 12.2.35] that the growth function HR(T ) can be considered to be the
growth function of the leaf LT .
Proof. (of Proposition 1.10). Let F1 be a subgraph of F2 with the set of vertices
V (F1) = {an | n ∈ N ∪ {0} }.
Then MF1 is at level 1, and LF1 has linear growth, that is,
HR(F1)(k) = k + 1.
Let F2 be a subgraph of F2 with the set of vertices
V (F2) = {e} ∪ {ag ∈ F2 | ag is a reduced word }.
By an argument similar to that in Lemma 4.5 the matchbox manifold MF2 consists of two leaves,
namely LF2 and a genus two surface LF2 . Thus MF2 is at level 1. We also have
HR(F )(k) =
1
2
(1 + 3k),
so LF2 has exponential growth. An example of a leaf with polynomial growth which is not totally
proper is given in Theorem 1.9. 
5.2. Pseudogroup dynamics of matchbox manifolds. In this section we study pseudogroup
dynamics of graph matchbox manifolds in Mn and prove Theorem 1.11. We first recall a definition
of a foliation with expansive dynamics.
DEFINITION 5.1. [20, Section 3] Let (M,F) be a foliated space with a foliated atlas
U = {ϕi : Ui → [−1, 1]n × Xi},
and let G be the holonomy pseudogroup associated to U . The dynamics of F is -expansive, or G
is -expansive, if there exists  > 0 so that for all w 6= w′ ∈ Xi with dX(w,w′) <  there exists a
holonomy homeomorphism h ∈ G with w,w′ ∈ dom(h) such that dX(h(w), h(w′)) ≥ .
Proof of statement (1) of Theorem 1.11 is contained in the following lemma.
LEMMA 5.2. Let LT ⊂Mn be a non-compact leaf and MT = LT be a graph matchbox manifold.
Then for every 0 <  < e−2 the foliation of MT has -expansive dynamics. If LT is compact, then
MT is equicontinuous.
Proof. Fix  < e−2 and recall that the pseudogroup G restricted to X is finitely generated with
the set of generators G0. Suppose there exists (T, e) 6= (T ′, e) ∈ X such that for all γg ∈ G with
(T, e), (T ′, e) ∈ dom(γg) and dX ((T, e), (T ′, e)) <  we have dX(γg(T, e), γg(T ′, e)) < . Notice that
since  < e−2 and dX((T, e), (T ′, e)) < , then for all γi ∈ G0 (T, e) ∈ dom(γi) if and only if (T ′, e) ∈
dom(γi). We show that in fact this implies that (T, e) ∈ dom(γg) if and only if (T ′, e) ∈ dom(γg)
for all γg ∈ G.
We have γg = γi1 ◦ · · · γik . The proof is by induction on `, 1 ≤ ` ≤ k. Suppose (T, e), (T ′, e) ∈
dom(γi1 ◦ · · · ◦ γi`). Set
(T`, e) = γi1 ◦ · · · ◦ γi`(T, e), and (T ′` , e) = γi1 ◦ · · · ◦ γi`(T ′, e).
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An assumption that dX((T`, e), (T
′
` , e)) <  means that there is an isometry
α` : DT`(e, 2)→ DT ′` (e, 2),
and (T`, e) ∈ dom(γi`+1) if and only if (T ′` , e) ∈ dom(γi`+1). Therefore, (T, e) ∈ dom(γi1 ◦ · · · ◦ γi`+1)
if and only if (T ′, e) ∈ dom(γi1 ◦ · · · ◦ γi`+1).
We now show that this implies (T, e) = (T ′, e). Let R ∈ N. We want to show that there is an
isomorphism αR : DT (e,R)→ DT ′(e,R). The proof is by induction on r, 1 ≤ r ≤ R. Suppose there
is an isomorphism
αr : DT (e, r)→ DT ′(e, r)
and let γg1 , . . . , γgnr be a collection of homeomorphisms such that `(gk) = r and (T, e), (T
′, e) ∈
dom(γgk). Notice that
DT (e, r + 1) ⊂ DT (e, r) ∪
 ⋃
1≤k≤nr
DT (gk, 2)

and similarly for T ′, so if for every 1 ≤ k ≤ nr we have DT (gk, 2) = DT ′(gk, 2), then we are done.
But the latter condition follows from the fact that
dX (γgk(T, e), γgk(T
′, e)) <  < e−2.
Now if LT is non-compact, then it contains at least one other leaf LS , (S, e) ∈ R(T ) \ R(T ). Let
(T ′, e) ∈ R(T ) such that dX((T ′, e), (S, e)) < . By the argument above (S, e) = (T ′, e) ∈ R(T ),
which contradicts the assumption. If LT is compact, then R(T ) is a finite set, and so there exists
 > 0 such that for any (T ′, e) ∈ R(T ) the -neighborhood of (T ′, e) in R(T ) = R(T ) contains
exactly one point. Then MT is trivially equicontinuous. 
We now restate and prove corollary 1.12.
COROLLARY 5.3. The foliated space Mn does not contain a weak solenoid.
Proof. A weak solenoid must contain a non-compact leaf and have an equicontinuous pseudogroup,
which is not possible by Lemma 5.2. 
The proof of statement (2) of Theorem 1.11 is given by the following lemma.
We say that the pseudogroup G restricted to a transversal X has a non-trivial equicontinuous
subsystem if and only if there exists a clopen subset C ⊂ X such that GC = G|C is equicontinuous.
LEMMA 5.4. Let GT be the holonomy pseudogroup associated to the transversal R(T ) of a graph
matchbox manifold MT . If GT has a non-trivial equicontinuous subsystem, then LT is a recurrent
leaf. The converse is false, i.e. there exists a matchbox manifold MT ′ where LT ′ is recurrent and
GT ′ has no nontrivial equicontinuous subsystem.
Proof. Let C ⊂ R(T ) be a clopen neighborhood with equicontinuous restricted pseudogroup GC .
By standard methods one can show that equicontinuity of GC implies that there is a uniform lower
bound on the domains of holonomy homeomorphisms, that is, there exists η > 0 such that if
x ∈ D(h), h ∈ GC , then DX(T, η) ⊂ D(h) (see, for instance, [13, 4]). It follows that orbits of points
in C under GC are dense in C, and so R(T ) accumulates on itself.
Conversely, let MT ′ be minimal, and suppose there is a clopen neighborhood C ⊂ R(T ′) with
equicontinuous restricted pseudogroup GC . Then G must be equicontinuous which contradicts
Lemma 5.2. 
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